FOLIATIONS BY STABLE SPHERES WITH CONSTANT 
MEAN CURVATURE FOR ISOLATED SYSTEMS WITH 
GENERAL ASYMPTOTICS 



LAN-HSUAN HUANG 

Abstract. We prove the existence and uniqueness of constant mean 
curvature foliations for initial data sets which are asymptotically flat 
satisfying the Regge-Teitelboim condition near infinity. It is known 
that the (Hamiltonian) center of mass is well-defined for manifolds sat- 
isfying this condition. We also show that the foliation is asymptotically 
concentric, and its geometric center is the center of mass. The construc- 
tion of the foliation generalizes the results of Huisken-Yau, Ye, and 
Metzger, where strongly asymptotically flat manifolds and their small 
perturbations were studied. 



1. Introduction 

Whether a foliation of constant mean curvature surfaces uniquely exists 
in an exterior region of an asymptotically flat manifold is a fundamental 
problem in general relativity. The significance of this problem is that the 
foliation provides an intrinsic geometric structure near infinity, supplies a 
definition of the center of mass in general relativity, and has a relation to 
quasi-local mass. 

Currently, a widely-used definition of asymptotic flat manifolds at infin- 
ity is expressed in terms of Cartesian coordinates outside a compact set and 
requires suitable decay rates on the data. The deflnition is convenient for 
calculation purposes, but it may obscure interesting geometry [161 p. 697]. 
In order to understand the canonical structure of asymptotically fiat mani- 
folds, Yau suggests that the constant mean curvature foliation is a promising 
description of asymptotic flat manifolds near infinity. Moreover, once the fo- 
liation exists and is unique, one can develop polar coordinates analogous to 
the polar coordinates in Euclidean space, and a canonical concept of center 
of mass can been defined. Also, the Hawking mass is a quantity introduced 
to capture the energy content of the region bounded by a two-surface 
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which is defined as fohows: 
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Christodoulou and Yau [4J proved that the Hawking mass is non-negative on 
a stable surface with constant mean curvature for initial data sets satisfying 
the dominant energy condition. Bray [3] showed that the Hawking mass is 
monotonically increasing along the isoperimetric constant mean curvature 
surfaces and converges to the ADM mass at infinity. 

For the existence and uniqueness of constant mean curvature foliation, 
some results have been achieved for strongly asymptotically flat manifolds 
whose metrics, in some asymptotically flat coordinate chart, are of the form: 



Huisken and Yau jlOj proved the existence of constant mean curvature 

foliations for strongly asymptotically flat manifolds, if m > 0. They also 
showed that the foliation is unique if each leaf is stable, and if it lies outside 
a suitable compact set. Using the unique foliation, they defined a geometric 
center of the foliation. Corvino and Wu [7j proved that the geometric center 
of the foliation is the center of mass if the metric is conformally fiat near 
infinity. The condition that the metric is conformally fiat near infinity is 
later removed by the author [9]. 

Ye [T7] used a different approach to prove the existence of the foliation un- 
der the same assumption that the metric is strongly asymptotically flat, and 
the uniqueness of the foliation under slightly different conditions. A more 
general uniqueness result was proven by Qing and Tian [13j. Metzger [12] 
generalized the previous results to manifolds whose metrics are small pertur- 
bations of strongly asymptotically flat metrics. However, these results have 
been limited to asymptotically flat manifolds with special restrictions on the 
|x|~^-term of the metrics. Especially, the metric being strongly asymptot- 
ically is not coordinate invariant; namely, it no longer has the expression 
(II. ip if the metric is written in a boosted coordinate chart. Furthermore, 
center of mass is defined for asymptotically fiat manifolds satisfying a more 
general condition: the Regge-Teitelboim condition (see Definition [L2]) [2,9j, 
so it is desirable to generalize the previous results to this setting. 

In this paper, we show that the foliation exists in the exterior region of 
an asymptotically fiat manifold satisfying the Regge-Teitelboim condition, 
when the ADM mass is strictly positive. We not only remove the condition 
on the |x|~^-term of the metrics, but also allow metrics to have the most 
general decay rates q > 1/2. Also, we prove that the foliation is unique under 
certain assumptions analogous to those in [10^112]. From our construction. 




p,j{x) = 0{\x\-^),dy^,{x) = 0(1x1-2-1-1) 



(1.1) 



where m is the ADM mass. 
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the geometric center of the fohation is equal to the center of mass. To clearly 
state the results, we first provide some definitions. 

A three-dimensional manifold M with a Riemannian metric g and a sym- 
metric (0, 2)-tensor K is called an initial data set if g and K satisfy the 
constraint equations 

Rg - \K\l + {iTg{K)f = levrp, 

dbig{K-iTg{K)g)=S'nJ, (1.2) 

where Rg is the scalar curvature of M, iXg{K) = g^^Kij, p is the observed en- 
ergy density, and J is the observed momentum density. We use the Einstein 
summation convention and sum over repeated indices; though, sometimes 
we employ summation symbols for clarity. 

Definition 1.1. {M,g,K) is asymptotically flat (AF) at the decay rate q E 
(1/2,1] if it is an initial data set, and there exist coordinates {x} outside a 
compact set, say Br^, such that 

9ij{x) = d,, + Osd^l"'?) Kijix) = Oidxl-i-"). 

Also, p and J satisfy 

p{x) = 0(|x|-2-29) J(x) = 0(|x|-2-29). 

Here, the subscript in the big O notation denotes the order of the deriva- 
tives which possess the corresponding decay rates. For example, if / = 
02{\x\-'i), then f £ and |/(x)| < c\x\-'i, \Df{x)\ < c\x\-^-i, \D'^fix)\ < 
c\x\~'^~'^ pointwisely for |x| large, where c is a constant depending only on 
g and K. 

Remark. The condition on the regularity of g up to the fifth order of deriva- 
tives is used in the proof of uniqueness: Theorem\^ and Theorem\^ For the 
existence of the constant mean curvature foliation (Theorem\^ , we only need 
gij = 5ij + 02{\x\-'i). 

For AF manifolds, the ADM mass m is defined by, 

m = rrpr- lim / {gij,i - ga^^ dae, (1.3) 

167r r-^oo _/|^|^^ ^ ^ '-"^ l^l 

where |x| = \/X]i(^*)^> ^'^'^ is the induced area form with respect to the 
Euclidean metric. The ADM mass is well-defined when the decay rate q is 
greater than 1/2 (see [UlSj). Another equivalent definition of ADM mass is 

m = lim / (mc^ - \Rggi^ (-2x^)^ da,, (1.4) 
where -Ric*^ is the Ricci curvature of g. 
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Definition 1.2. {M,g, K) is asymptotically flat satisfying the Regge-Teitelboim 
condition (AF-RT) at the decay rate q £ (1/2,1] if {M,g,K) is asymptoti- 
cally flat, and g,K satisfy these asymptotically even/odd conditions 

9ij{x) - gij{-x) = Osdxr^-^) Kij{x) + Kij{-x) = Oi{\x\'^-'i). 
Also, p and J satisfy 

p{x) - p{-x) = 0(1x1-3-2?) j^^) _ j(_^) ^ 0(1x1-3-2-?). 

Remark. The RT condition on the data is preserved under coordinate trans- 
lations, rotations, and boost. 

Assume that (M, g, K) is AF-RT. Then, the center of mass C is defined 
by, for a = 1, 2, 3, 



= lim 
IGvrm r^oo 



[ \ - x^ 

J\x\=r m 

/ 9ia-n - gun] ^'^^ 



■ (1-5) 



The above notion is well-defined OEIIS] for AF-RT manifolds. It is noted 
that another notion of center of mass analogous to (|1.4|) has been studied 
and proven to be equivalent to C in [9]. For the purpose of this paper, we 
use the above definition (|1.5|) . 

We denote Sr{C) = {x : \x — C\ = R} and as the outward unit normal 
vector on Sr{C) with respect to g. U ip G C'^'°'{Sr{C)), then 'tp*{y) := 
^{Ry + C) and i^* G O2'°(5i(0)). (-0*)"^^ denotes ^*\y) - ^{-y). For the 
definitions of strictly stable and stable^ please refer to Definition 13.61 Also, 
throughout this article, c and Cj denote constants independent of R. 

Our main theorems are the following: 

Theorem 1. Assume that (M, g, K) is AF-RT at the decay rate q £ (1/2,1]. 
Ifm^O, then there exist surfaces {Tir} with constant mean curvature H^,^ 
in the exterior region of M, and -f^s^ = (2/-R) + 0{R~^'^'^). Moreover, Tjr 
is a coR^~'^ -graph over Sr{C), i.e. 

Si? = {x + Mx)ug : Vo G 02'°(5^(C))} 

with 

IIV'Sllc2-(Si(0)) < c,R^-'. and ||(V'S)°''lb^-{Si(o)) < coR-'- 

Therefore, the geometric center o/{S/j} is the center of mass C. 

Additionally, i/m > 0, then each is strictly stable, and {S/j} form a 
foliation. 

For one single surface A^, we have the following uniqueness result where 
the minimal radius is denoted by r = min{|a;| : x G A^}. 
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Theorem 2. Assume that (M,g,K) is AF-RT at the decay rate q G (1/2, 1] 
and m > 0. Then there exists ai so that if N has the following properties: 

(1) N is topologically a sphere, 

(2) N has constant mean curvature H = i^s^ for some R> (Ji, 

(3) N is stable, 

5 — q 

(4) H~'^ for some a satisfying ^ — - < a <\, 
then N = S/j. 

Notice that the topological condition (1) is used in Lemma 14.41 In Theo- 
rem[51 we do not assume that is a leaf of the foliation. Thus, in the region 
M \ Bjj-a(0), T,Ft is the only stable surface with constant mean curvature 
i/s^. In particular, {S/j} is the only foliation by stable surfaces of constant 
mean curvature so that each leaf with mean curvature H lies in the region 
M\ Bjj-a{0). It is noted that when the decay rate q = 1, a > 2/3, which is 
exactly the restriction imposed in [12] to derive the a priori estimates, but 
the radius increases as q approaches to 1/2. If we replace the condition 
on r by the condition that r and the maximal radius r = max{|a;| : x £ N} 
are comparable, we derive a uniqueness result which holds outside a fixed 
compact set. 

Theorem 3. Assume that (M,g,K) is AF-RT at the decay rate q G (1/2, 1] 
and m > 0. There exist a2 and C2 so that if N has the following properties: 

(1) N is topologically a sphere, 

(2) N has constant mean curvature H = -ffs^ for some R> (J2, 

(3) N is stable, 

(4) r < C2(r)i/" for some a satisfying ^ — - < a < 1, 
then N = S/j. 

An ingredient used in Section 2 (Lemma 12. ip and hence in Theorem [1] is 
the density theorem for (M, g, K) satisfying the AF-RT condition. Denote 
the momentum tensor = K — [ii gK)g below and denote the modified Lie 
derivative, for any metric g, 

CgX := Lxg - di\g{X)g, 

where Lxg is the Lie derivative. 

Definition 1.3. {M,g,Tr) is said to have harmonic asymptotics if{M,g,iT) 
is asymptotically fiat and 

g = u^6, TT = u^{CsX) (1.6) 



outside a compact set for some function u and vector field X tending to 1 
and at infinity respectively. 
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Definition 1.4. We denote VF^^(M) the weighted Sobolev spaces. We say 
that f e W^f{M), if f £ Wj^f (M) and, in addition, when p<oo, 

\\f\\w^-''iM)--=\ f Y^ilD'^flP^^^^'Tp'^dvolA <00, 

V *^ H<k J 

where a is a multi-index and p is a continuous function with p = \x\ on 
M \ Bpi^ ; when p = oo, 

II/IIh/^-(m) ■= E esssnp\Dy\p\'^\+'i<oo. 

Theorem 4 (Density Theorem [9]). Assume that {M,g,K) is AF-RT at 
the decay rate q G (1/2,1). Then, there is a sequence of data (^^jjTffc) of 
harmonic asymptotics satisfying (jl.2p (with the same p and J) such that: 
Given any e > and qo G (0, g), there exist R and kQ = ko{R) so that, for 
any p > 3/2, (^^,7ffc) is within an e-neighborhood of (5,vr) in VF_'^(M) x 
W^f_g{M) and 

WVkix) -9k{-x)\\w^,P_^^i^M\BR) ^ ^' 

||7ffc(a;) +^fc(-a:)||^i.P_^j^^\5^) < e, for all k > ko- 

Moreover, mass, linear momentum, center of mass, angular momentum of 
^ki^k) within e of those of {g,-!:). 

Remark. The density theorem stated in |^ is for vacuum initial data, i. e. 
p = and J = 0. A slight modification of the proof generalizes to the cur- 
rent situation. Also, notice that as in ^9], the theorem holds more generally 
for {g,TT) satisfying weaker regularity (in weighted Sobolev spaces). Here, 
we only need the version that (g, vr) satisfies the pointwise regularity at the 
suitable decay rates defined by Definition \l.S\ . 

The article is organized as follows. In Section 2, an important identity 
relating the mean curvature to center of mass (12. 2p is derived using the den- 
sity theorem. In Section 3, we prove the existence of the foliation (Theorem 
13.11 and Theorem 13. 9p and show its geometric center is equal to the center 
of mass (Corollary 13. 4p . In Section 4, Theorem [2] and Theorem [3] are proven 
after certain a priori estimates are established. 

2. Estimates on Surfaces Close to Euclidean Spheres 

This section contains three technical lemmas. Throughout this section, 
we assume that {M,g,K) is AF-RT at the decay rate q G (1/2, 1]. Denote 
Snip) '■= {x : \x — p\ = R}. We can view Sr{p) as a submanifold in M with 
respect to either the physical metric g or the Euclidean metric ge- Because g 
is asymptotic to Euclidean metric near infinity, the induced metric on Sr{p) 
is close to the standard spherical metric, for R large. Hence, the geometric 
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quantities on Sji{p) are close to those on the standard sphere, up to the 
error terms. In order to construct constant mean curvature surfaces, we 
need to compute exphcitly the leading order terms in the error terms and 
also estimate the rest of terms. 

In the first lemma, the mean curvature of Sn^p) with respect to g is 
derived. Its mean curvature after integration with — gives the differ- 
ence of p and center of mass C. The estimates on the second fundamental 
form, Laplacian, and Ric^Vg, Vg) on Snip) are obtained in the second lemma. 
The analogous estimates for surfaces close to Sji{p) are derived in the third 
lemma. 

If / is a function defined on Sr{p), we define f°'^'^{x) = f{x) — f{—x + 2p) 
and f'^'"^'^{x) = f (x) + f {—X + 2p) , where x and —x + 2p are antipodal points 
on Sji{p). Also, hij denotes gij — 6ij. 

Lemma 2.1. Let Hs be the mean curvature of Sr{p) and dag be the area 
form of the standard spherical metric. Then 

(x* — p'^){x^ — p'){x^ — p^) 



2 1 ^ I 

Hs{x) + l^^hij^k{x)- 



R 2^ y.'^v J ^3 



where Eq{x) = 0{R-^-^'^) and E^'^'^{x) = 0(i?-2-2g). 
For Q = 1, 2, 3, 

/ (a;" - p") (hs - -\ dae = 87rm(p" - C") + 0{R^-^'^). 
J Snip) V RJ 

Proof. Let V be the covariant derivative of g. 

Hs = diV(,i^g, 

where Vg is the outward unit normal vector field on Sr{p) with respect to g 
and 

V|x — p\ 



(2.2) 



|V|x — 

Computing directly, we have 

{x'^ — p^){x'^ — p*) 



1 + 



2 ' R'^ 

R a? 



X^ — ]} d 



s,t 



R dx^ 

I 



-Y.h^ii-)'-^-^^+E{x), (2.3) 

k,l 

where E{x) = 0{R-^'i) and ^'^''^"(a;) = 0{R-^-'^'i). Then a straightforward 
computation gives ()2.ip . 
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To prove ()2.2p . we let /(x) = Hs — 2/R. First we notice that the leading 
order term of f{x) is even and vanishes after integration with the odd func- 
tion — p". Moreover, the error term Eq after integration with (x" — p") 
is of lower order 0{R^~'^'^). We define, for a = 1, 2, 3, 



Sr{p) 



(x* — p*)(x'' — p^){x'' — p^) 

i?3 



Because the asymptotically flat coordinates are not globally defined in the 
interior, we use the Euclidean divergence theorem in the annulus A = {R < 
\x — p\ < Ri}: 



X^{R,)-X^{R) 



hij^k (x) 



■'^ i,j,k 



{x^ -p^){x^ -p^){x°' -p")' 
\x — 

(x-^ — p^){x^ — p'^)(x" — p") 



ij,k 



\x — p\^ 
{x^ — p>){x'^ — p^)(x" 



dx 



dx 



\x — 

(x-^ — p^)(x*^ — p^){x'^ — p") 



dx 



J,fe 



|x — p\ 



dx. 



Using integration by parts and simplifying the expression, we obtain an 
identity containing purely the boundary terms 



X"(iii) - X"(i?) = - B'i{R) for all Ri > R, 



where B'^{R) equals the boundary integral: 



J Snip) 



(x* — p*)(x-' — p') 



i?3 



Sr{p) 



x'^ - X* - 

hi{x) h hia{x)- 



(2.4) 



R 



R 



dap,. 



Claim: I^{R) = B'^{R). 



Proof. First notice that \i g = u^5 outside a compact set, then by direct 
computation and (12. 4p . for any Ri large (so that 'g = u^S on Br^{p)), 

I^{R) - B^{R) = Xf (i?i) - (i?i) = for a = 1, 2, 3. 

To prove the identity for general metrics, we apply Theorem U] and would 
like to show that, given eo > 0, there exists g so that, for some Ri, 



mR,) - B'^{R,)\ < \mR,) - B^iR,)\ + eo = cq. 



(2.5) 
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We denote symbolically 

/ \D{g - g)\rda, = \ [X,"(r) - e,"(r)] - [if (r) - (r)] | . 

J Sr(p) 

Then by Holder's inequality, 

/ / \D{g-g)\rdcjedr<C{g,q,p)\\g-g\\y^2,p,^.R^~'i. 

JR JSr{p) 

That means, for a.e. r E (R, 2R), say r = that 

/ \D{g -g)\Ridaedr < C{g,q,p)\\g -g\\^2,p,j^^.R^-'^. 

Given e = eo/{C{g,q,p)R^~'^), there exists g so that \\g ~ VWiy'^^Pf^j^-^ < e by 
Theorem m Hence 

/ \D{g -g)\Ridaedr < eo, 
and then (|2.5p holds. Because eo is arbitrary, we prove the claim. □ 



Then, substituting by B'^{R) into (HU and ([22]), and simplifying 

the expression, we have 



/ {x^-P-)(hs-1) dae 
JSr{p) V 



ISr(j>) 

1 

2 



dap. 



^^^^^ E ( - hu^^ ) da. 



Using the definitions of the ADM mass and center of mass p.5|) . we 
derive ([22]). 

□ 

In the following lemmas, c denotes a constant independent of R. Also, we 
denote /* to be the pullback of / defined by = f[Ry + p)-, so /* is a 

function on 5i(0). Also, define 

(r )°"" = ny) - n-y), irr^'' = nv) + n-y)- 

Lemma 2.2. Let Ag he the second fundamental form on {Sii{p), gs) where 
gs is the induced metric on Sji{p) from g, As be the Laplacian on {Sr{p), gs), 
and Ug he the outward unit normal vector. Let A| he the standard spherical 
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Laplacian on Sji{p). Then 

(i) \As\^ = ^ + El, where \Ei\ < cR-'^-" and \Ef'^\ < ciJ-^"*. 



(ii) For any f G 



[III 



Asf = A|/ + E2, where \E2\ < cR-^-'^Wf* 

and \Er\ < c(i?-3-«||r|b.(5,{0)) + ^-'-''ll(r)°''llc^{5.(0))) 
Ric^^{vg, Ug) = E3, where {E-^l < cR-'^-'^ and \Ef'^\ < cR"^-''. 



Proof. Let {ui,U2} be local coordinates on Sfi{p) and V be the covariant 
derivative of {M,g). In the rest of the section, we temporarily denote gab = 
g {da, db) for a,b £ {1, 2, 3} where da = if a G {1, 2} and = Vg (instead 
of the original meaning of {gij} on the asymptotically flat coordinates in 
Definition I l.ip . Therefore, the second fundamental form As is 

(A.U = -,(v^A,.^)=_r3, (2.6) 

Because g is asymptotically flat, g{x) = g^ + h and h = 0(1x1^"^). Locally, 
we have 

^lb=U9a3,b + 9b3,a-9ab,3)=9e(v% ^ , + \hdh\ + \dh\, (2.7) 

2 V d^oub J 

where we denote the difference of F^^ and 5e(V^a -^,Vf.) symbolically by 

Sua 

|/i(9/i| + where V*^ is the covariant derivative and the Christoffel symbols 
of (M\ B^,g(,) and d denotes the derivative in either tangential or normal 
directions on Sr{p). 

Remark. More precisely, writing f = \dh\ symbolically means 

I/I < c\dh\, |/"^^"| < ciidhY"^''], |/"^^| < c\{dh)°^^\. 

The constant c is independent of R. Notice that the derivatives in the tan- 
gential and normal directions do not affect the asymptotic even/ odd prop- 
erty, hut only improve the decay rate. For example, if h = 0(1x1^"^) and 
j^odd _ Then dh = 0(|x|~^~'') and dh is still asymptotically 

even at the decay rate (dh)"'^'^ = 0(|x|~'^~'^). In the following arguments, we 
will use similar notations to bound lower order terms for simplicity. 

The second fundamental forms are 

iAs)ab = iA')ab + \hdh\ + \dh\. 

Therefore, if the principal curvature of {Sr{p), gs) are denoted by {Xs)i, the 
above identity says: 

{)^sh = ^ + \hdh\ + \dh\, (2.8) 
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where 1/R is the principal curvature of the spheres in Euchdean space. Then 

\As? = {\s)l + {Xs)l = I2 + Jl(\hdh\ + \dh\) + {\hdh\ + \dh\f. 

We could conclude (i) by analyzing the error terms on the right hand side 
and by using the AF-RT condition. 

Using g = ge + h, the Laplacian in the local coordinates is 

= A'^sf+{Mdg\\df\ + \h\\d^f\ + \dh\\df\). (2.9) 

By the definition of/*, \df{x)\ = R-^\df*{y)\ and \d'^f{x)\ = R-'^\d'^f*{y)\, 
and then (ii) follows. 

For (iii), notice that Ric^^ {vg^Vg) = \D'^g\, where Dg denotes the usual 
derivatives of g in {^} directions as in Definition 11.11 Therefore, \D'^g\ = 
O and \ {D'^g)°'^'^\ = \D'^ {g°'^'^) \ = 0(|x|-3-9). □ 

In the following lemma, we generalize the above results and prove that 
similar estimates also hold for surfaces which are ci?^^''-graphs over Sr{p) 
for some constant c (recall q E (1/2, 1], the decay rate of the AF metrics). 
Notice that when R is large, the unit normal vector i^g is close to the Eu- 
clidean normal vector, so the normal graphs over Sji{p) are well-defined. 

Let be a normal graph over Sr{p) defined by 

AT = {^{x) = X + ipi^g : e {Sr{p))} . 

For any / € C^{N), we let f{x) := /(^(x)) and /* := (/)*, the pull-back 
function defined on 5*1(0). Let fig be the outward unit normal vector field 
on A^, An be the second fundamental form, and Ajv be the Laplacian on 
{N,gj\f), where fifAr is the induced metric on A^ by 51. 

Lemma 2.3. Assume that 

WrWcHs^m < cR'-' and ||(r)°''llc2(5i{0)) < cR-'^- (2-10) 

Then 

(i) \An\'2 = ^ + E[ where \E[\ < cR-^-^ and \(E[y'^'^\ < cR-^-'^. 

(n) For f G C\N), (A^/)(*(x)) = A|7(x) + E'„ 
where {E'^l < c-R"^"'^||/*||c2(5i{0)) and 

\{E',r'\ < c(i?-2-2^iirib2(s,(o)) + ^-'-''ii(r)°'1c^(5.(o))) • 

(m) {Ric'''if,g,iSg)){^{x)) = E', 

where |^^| < cR-^-'^ and {{E'^T'^'^l < cR-^''^. 

Proof. Similarly as in the proof of Lemma 12.2^ let {tii,ti2} be local coordi- 
nates on an open set C/ of x G Sr{p). Moreover, without loss of generality. 
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we assume {g^, 9uJ' 

Ug} are orthonormal at x with respect to the metric g. 
Let {vi,V2} be the corresponding local coordinates on V = "^{U) C and 
IJ,g be the outward unit normal vector field on N with respect to g. Because 
M is AF, up to lower order terms, we have 

d d d dip 

dvi dui ~^ ^^^'^^■'^ duj ~'~ dui^^ i'^-^^) 
,, = ., + ^/7..,-^|iA (2.12) 

i=l,2 * * 

where we parallel transport | ^ , > /"g | to along the unique geodesic 
connecting x and ^{x). In this proof, we denote 

9ah = 9{ea,eb) where Ca = if a € {1, 2} and 63 = //g, 

5a6 = g{ea, eh) where Ca = if a G {1, 2} and 63 = Ug, 

where gab is defined the same as in the proof of the previous lemma. By 
(l2Tn) and (|2T^ . we have for i G {1, 2}, a, 6 G {1, 2, 3} 

9ia =9ia + \'4^\\As\\g\ + I^V'llfi'l 
9ia,b =9^a,b + \dM\As\\g\ + mdAsM + IV'II^P^I 

+ + |5V'|'|55|. (2.13) 

To prove (i), notice that 



and 



^ab "2 (5a3,fe + fihS.a ~ Safe.s) 



=5 ( V^ — 



_5_ 

dub ' 

+ ISV'IIAslbl + mdAsM + mAs\\dg\ + I^VlM + \di^\^\dg\. 
Therefore, by ()2.8p and the previous two identities, we get 

\An\' =\As\' + ^ m\\As\\g\ + mOAsM 
+\i;\\A\\^g\ + \^^^P\\g\ + \^i;\^\^g\). 

Above, the terms of the weakest decay rate in the error terms are, for in- 
stance, 

l\d^^\\g\=OiR-'-'l). 

Similarly, we could compute [E[)°'^'^ and use Lemma [2^21 1) to conclude (i). 
Moreover, we can derive from the above two identities to conclude that the 
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trace-free second fundamental form is 

\An\ = OiR-'-'i), (2.14) 
and the mean curvature of N is 

Hn = ^ + 0{R'^-'^). (2.15) 

For (ii), the Laplacian in local coordinates is 

(A;v/)(^(x)) =V^"'^ (Vir ^/(^(x))) 

=Vff-'^ (^V99''^Ji^ix)?j +\dms\\g\\df\ 
+ mdAs\\g\\df\ + mAs\\g\\dg\\df\ + mAs\\g\\d^ f\. 

Then 

(A^/)(vI/(x)) = Asfix) + \^^p\\As\\g\\^f\ 

+ mdAs\\g\\df\ + mAs\\g\\dg\\df\ + mAs\\g\\d^f\, 

where the terms at the weakest decay rate of the error terms are, for instance, 

m\As\\g\mx)\ < R-'\di;\\As\\g\\dnx)\ < CR-'-^fWc^,.. 

Then, (ii) follows from Lemma 12.21 (ii). 
Using Lemma l2.2f iii) and the identity 

Ric'''{iJg,f,g){^{x)) = Ric^''{ug,ug) + | Z?^^ 1 1 1 1 ^5 1 + \D^g\\dil^\, 

we can conclude (iii). 

□ 

3. Existence of the Foliation 

In this section, we prove the existence of the foliation of constant mean 
curvature surfaces, assuming the ADM mass m > 0. An idea similar to |17] 
is employed in which normal perturbations of Euclidean spheres are consid- 
ered. However, our construction is more subtle because we have to perturb 
a Euclidean sphere Sr{p) twice to construct a constant mean curvature sur- 
face. Roughly speaking, the first perturbation is of the order 0{R^~'^) and 
the second one is of the order 0{R^^^'^). Geometrically, it reflects the fact 
that, under weaker asymptotics, constant mean curvature surfaces are too 
far away from some Sr{p) to apply the implicit function theorem directly. 
Therefore, we have to construct a family of approximate spheres S{p, R) from 
Sr{p) using a PDE construction. Then by carefully choosing the center p, 
we find the nearby constant mean curvature surfaces from S{p, R). 

While we only require m ^ in proving Theorem 13.11 assuming m > 
is used to prove the stability of the surfaces and then to show that they 
form a foliation. From our construction, each leaf of the foliation is a graph 
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over the Euclidean sphere centered at some p = p{R). We also show that p 
converges to the center of mass C as i? — )• oo. 

Throughout this section, c = c{a,g,dg) or q = Ci{a,g,dg) denote con- 
stants independent of R. Recall that if ^ E C'^'"{Sr{p)), then tp*{y) := 
ijiRy + p) and V* G C2'°(5i(0)), and define 

(^*y'i'i = ^*(y) - ^*(-y), (V;*)— = riy) + ri-y). 

The first theorem states the existence of a surface with the given constant 
mean curvature. 

Theorem 3.1. Assume that {M,g,K) is AF-RT with q G (1/2,1] and 
m 7^ 0. There exist constants ctq and cq so that, for all R > a^, there is 
with constant mean curvature 

Hj:, = ^+OiR-'-^). 
Sij is a cqR^~'^ -graph over Sr{p), i.e. 

and Tpo satisfies 

mwc^.^sm) ^ ^oR'-', and \\{ror''''\\c^.^(sm) ^ (^-i) 

Because the mean curvature of Sr{p) is equal to 2/R up to 0{R~^~^)- 
terms (I2.ip . we would like to construct a constant mean curvature surface 
by perturbing Sfi{p) in the normal direction. However, in contrast to the 
case that {M,g) is strongly asymptotically flat, the mean curvature of Sr{p) 
is not close to some constant enough to apply the implicit function theorem. 
Therefore, we first construct the unique approximate spheres S{p,R) as- 
sociated to Si{{p) whose mean curvature is closer to some constant up to 
0(i?-i-29)-terms. 

Recall that / denotes Hs — 2/R, and Hs is the mean curvature of Sfi{p). 

Lemma 3.2. There exists c independent of R so that, for R large, there is 
an approximate sphere 

S{p, R) = {x + <t>{x)vg : 4> G C2'-(5r(p))} , 

where (p satisfies 

WWc^^^s^m < cR'-', WicPT'^Wc^^^is^m < cR-'. (3.2) 

Moreover, the mean curvature ofS{p,R) is 

Hs = ^+1 + 0{R-'-^'^), (3.3) 
where J := {4ttR^)-^ J^^^^^ f dae. 

Remark. When q = 1, (j) is bounded by a constant. However, when q < 1, 
the size of (j) may increase as R increases. 
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Proof. Lq = — A| — denotes the linearized mean curvature operator 

on the standard sphere Sr{p) in Euchdean space , where A| is the standard 
spherical Laplacian. It is known that because mean curvature is preserved 
by translations in the Euclidean space, Lq has the kernel 

^ = spanjx —p,x —p,x —p}- 

Also notice that, by the self-adjointness of Lq, the L^ orthogonal complement 

K'^ = RangeLo- 

Let Lo : C^^'^{Sr{p)) C0'"(5r(p)). Consider 

Lo0 = / - R-'-'^ Yl - - 7- (3-4) 

i 

We choose the constants to satisfy 

= ^R~'+' [ {x' - p')f{x) dae, (3.5) 

so the right hand side of ()3.4p is in RangeLo and then (j3.4p is solvable. 
Notice that because of the AF-RT condition, A' = 0(1). We let 4> be the 
unique solution in to the equation (j3.4p . 
To estimate (p* , note that it satisfies 

(-Ao - 2)</<* = R\r{y) - R-^-'i Yl ^'^^ " 7)' 

i 

where Aq is the standard spherical Laplacian of the unit sphere in Euclidean 
space. Because E (Ker(—Ao— 2))-*-, by the Schauder estimate and because 
f = \Dh\=OiR-'-'^), 

\\f\\c^.^is,m < c\\R'f%y) - R-'^Y^'y' - ^''7\\c^^^^^^^ 

i 

Moreover, (<p*)°'^'^ satisfies the following equation 

(-Ao - 2)(</.*)°'^'^ = R^if*)"'^'^ - 2R~'' Y A'y'- 

i 

Then, because {(p*)°'^'^ £ (Ker(— Ao — 2))"'", by the Schauder estimates and 
the fact that / is asymptotically even with f"'^'^ = 0{R~'^~'^), we have 

i 

Then we define 

S{p,R) = {x + <i)Vg} . 

In particular, S{p,R) is a graph over Sf({p) which satisfies the conditions 
for N in Lemma 12.31 

We compute the mean curvature of S{p,R). Denoting Hs the mean 
curvature map 

Hs : C2'°(5^(p)) ^ CO'"(Sfi(p)) 
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which maps a function to the mean curvature of the normal graph of (j) 
over Sr{p). Then the mean curvature of S{p,R) is Hs{(j))- By Taylor's 
theorem, 

Hs{ct>) = Hs{0) - Ls(P + C {dHs {s<P) - dHsm<t)ds, 

Jo 

where dHs is the first Frechet derivative in the i;A-component, and L5 is the 
linearized mean curvature operator on Sr{p) defined by 

where As^-^S: a-nd Ric^^ {vg^Vg) are defined by Lemma |2.2[ The integral 
term above can be bounded by supggjg^^] \d'^Hs{s(l))(t)(t)\ by the mean value 
inequality, and 

^2 

d^HsiscPW = T^Hsm 



t=s 



The left hand side is the second Frechet derivative and the right hand side 
is the second derivative of the mean curvature of the surface 

Ns := {x + S(j){x)ug : y £ Sr{p)} . 

For R large, the unit outward normal vector field on Ns is close to Vg, and 
a straightforward calculation gives us 

^,Hsm 



<c (\Rijki\ \AnJ \^\' + \ANj\d^\' + \ANjmd'(^\ + \An, 

<cR-'U*fc.^smy (3.7) 

In the last inequality, we use that \Rijki\ = 0{R^'^^'^) and {AjyJ = 0{R^^) 
from Lemma 12.31 

Noticing that Hs{0) is the mean curvature of 5/j(p), so, by Lemma [2T| 
we have 

HsicI)) = I + fix) - Lo<l) + (Lo - Ls)<P + {dHs (s^) - dHsiO)<Pds. 



By da 



R 

where 



^4 =(^0 - Ls)^ + C {dHs is(t>) - dHs{0))(t>ds. 
Jo 
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By Lemma [221 (|3.2p . and ()3.7p . the error term £'4 is bounded by 

ll^^llco,. <c{R-'^\\(P*\\c2,.. + R-^\\(p*\\l2.c) <cR^-^'^ 

+ii-2|i0ii^2..+i?-i|i(rr''iic2."ii</'iic2,^) 

<ci?-2g. (3.9) 
Therefore, we derive (13. 31). □ 



Proof of Theorem \3.1{ To construct a surface Tir with constant mean curva- 
ture, we consider the normal perturbations on S{p, R) := {^{x) = x + (f)Vg}. 
We denote the mean curvature of the normal graph tp over R) by Hs{ip)- 
By Taylor's theorem, for any ip £ C'^'°'(S{p, R)), 

HsW =Hs{0) + + {\As\^ + Ric^'{f^g,i^g)) 

+ [ idHsisi;)-dHs{0))ijds, (3.10) 

where As , As , and are defined as in Lemma 12.31 for which we let = 
S{p,R), and ip and ijj* denote the pull-back functions on Sr{p) and 51(0) 
respectively. By (I3.8P and (I3.10p . solving 

Hs{i') = ^+1 (3.11) 
is equivalent to solving ip to the following equation: 

=i?-3-9 A'{x' - p') + Ei + As^P + {\As\^ + Ric^'{iig, f^g)) ^ 

i 

+ I {dHsisij) -dHs{0))4^ds. 
Jo 

That is, to solve 

Loi^ = R-'^-^ Yl ^'(^' - P*) + ^4 + E5, (3.12) 

i 

where 

E^ix) ={Asij)o^{x)-A<si^ 

+ (^\As\\^{x)) - A + (i?ic^(/,^, ^^)) o ^(x)) 

+ / [{dHsisiP) -dHs{0))ij]o'^{x)ds. 



c2,.. + R-'\\r\\'c2..) 
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Using Lemma 12.31 and (I3.7p , we have 

\\E*,\\co.c, <c{R-^ 

\\{E*,y''''\\co.c, <c[R-'^^P*\\c2..+R~'^ 

+R-^^P*\\l,,.+R-'\\r\\c2 
We pull back (i3J2]l on S'i(O), 



l||„;.*l|2 

*\odd 



*\odd 



irr 



-Ao - 2)V* = R^ (^R-^-" ^ A'y' + El + E^^ =: F{p, R, ^ 



(3.13) 



)• (3.14) 



If ||V'1lc2." < 1) then by 1^ and (f3lB . 

\\F{p,R,r)\\co,^iS,m<cR'~'', 

\\{F{p,R,r)r'\\cO:^(sm)<^R'''- (3-15) 
In order to find a solution ^* to the above equation, a necessary condition 
is that F{p, R,ijj*) lies inside Range(— Aq — 2). Using m 7^ 0, we show this 
can be achieved by correctly choosing p = p{R, By the definition of 
(13.51). we have 



/ y''R-^F{p,R,r)dae 

y"r{y)dae+ f y'' (El + E*^) da^ 



5-1(0) 

f 

Si(0) 



— p" 



Sr{p) 



R 



fix)R-^dae + 



5i(0) 



(El+El) due 



(3.16) 



Using (|2.2p in Lemma |2.H the first integral is equal to 
Svrm (p° - C") + 0(i2-2-2g)_ 

Therefore, because m 7^ 0, we can choose 

p-(i?, V*) = - / (ii;: + El) da, + 0(i?i-25), (3.17) 

such that ()3.16p is zero; that is, 

F{p{R, r), R, r) e Range(-Ao - 2). 

To complete the proof, we apply the Schauder fixed point theorem. Al- 
though F{p{R,'ip*), R,ip*) contains also the second order derivatives of -0* 
from the error term E^, those second derivatives are quasi-linear and have 
small coefficients. We can rewrite (j3.14p as, for R large, 

(-Ao - 2)r + ai,{x,r)dU* = E{piR,r),R,r), 
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where ajj = 0{R~'^) if ||V'*||co ^ 1- Therefore, 

L:= (-Ao-2) + ai,(y,<A*)4 

is a quasi-linear elliptic operator for R large. 

Define i3 = C'^^^{Sl{Q))r^{v : \\v\\c2,c.^s^m < !}• Let T : i3 ^ C2'"(Si(0)) 
be T{v) = u where u is the unique solution in (KerL)-*- to the linear equation 

Lu = F{p{R,v),R,v). 

By the Schauder estimates and (|3.15|) . 

lkllc2>"{Si(o)) < c||F||co,Q(5j(o)) < cR^~'^'^. 

For R large enough, the right hand side is less than 1, so T is a map from B to 
itself. It is easy to check that T is compact and continuous by the standard 
linear theory. Therefore, the Schauder fixed point theorem applies, and 
there is a fixed point ip* to ()3.14p . Using the Schauder estimates and p.l4p 
to {^p*)°'^'^, 

Lo(V'*)°°'°' = F"'^. 

Therefore, 

llV'1lc2,^(Si(o)) < ^coiJi-'", 

\\{rr''''\\c^,'^ism) ^ c||F°'='1lco,.(s,(o)) < ^coi?-". (3.18) 

By letting ip{x) = ip* (^^), i/j is a solution to the identity (I3.12p . We 
let ^p{^{x)) = ip{x), then the graph of tp over S{p,R) has constant mean 
curvature (2/i?) + /. Because fig is close to by (I2.12p . we can rearrange 
and write S/j as a graph over Sr{p) 

^R = {x + i^oiyg : V'o e . 

Because V'o = + ^ + 0{R-'}), by 1^ and (l3T8]l . we derive dSTj. □ 

In [To], the geometric center of a constant mean curvature foliation is 
defined: 

Definition 3.3. Let {S/j} be the family of surfaces constructed in the pre- 
vious theorem and X he the position vector. The geometric center of mass 
of (M, g, K) is defined by, for a = 1, 2, 3, 

L X'^dae 



R^oo Jj^^ dag 

Prom our construction, we not only prove that the geometric center con- 
verges, but we also show that it is equal to center of mass C. The following 
corollary generalizes the results in [71[9]. 

Corollary 3.4. Assume {M,g,K) is AF-RT at the decay rate q £ (1/2, 1] 
and m ^ 0. Then Chy converges and is equal to C. 
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Proof. Let $ be the diffeomorphism from Sr{p) to S/j defined by 
X + ipQi^g- Tlien by the definition and the area formula, 



hniP) oiR'-'') d'ye 



Sr(p) 



In the second identity, we use ()3.ip and J<I> = 1 + 0{R^'^), so the second 
term in the last line is of lower order and vanishes after taking limits. We 
only need to study the limit of p. By (jS.lTp , we estimate the error terms E\ 
and El in (j3.17p . By the asymptotically even/odd properties of £'| in p.9p . 



/ y'^Eldae < [ y'^iE: 

JSi{0) JSi{0) 



< 



Snip) 



<cR- 

Similarly, by ([3l3]) and (f3l8]) . 



' sup 

Sr{p) 



R 



{E4 



{E^f'^'^R-'^ da. 



\odd 



y^E*, da. 



<cR- 



sup 

Snip) 



E\ 



odd 



From p.l7p . we derive 

After taking limits, we prove the corollary. 



< cR 



< cR 



-2-2q 



-2-2q 



(3.19) 



□ 



Because p is asymptotic to C, we can rearrange to be graphs over 
Sr{C). 

Corollary 3.5. The constant mean curvature surfaces T,ji constructed in 
Theorem \3.1\ are coR^^'^-graph over Sji{C), i.e. 

^R = {x + il^ovg : e C''"(S^j(C))} , 

and ipQ satisfies 

UlWc^^'^is.m < coR'-'^, ||(V'S)°''llc2-{Si(o)) < coR-'^- 

After constructing the family of surfaces with constant mean curvature 
{E^}, we prove that they form a smooth foliation. We first estimate the 
eigenvalues of the linearized mean curvature operator. 

Definition 3.6. A smooth hypersurface N in M is called stable if the lin- 
earized mean curvature operator 

Ln := -An - (|^7v|^ + Ric^^i^g, f^g)) 
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has the lowest eigenvalue fio > among functions with zero mean value, i. e. 



/io:=inf|y uL]\[uda : \\u\\]^2(^j>f^ = 1, J uda = 0, andu^Oj>0. 

(3.20) 

If fiQ is strictly positive, N is called strictly stable. 

Remark. // has constant mean curvature, N being stable means that 
N locally minimizes area among surfaces containing the same volume. The 
following two lemmas hold for more general surfaces. 

Lemma 3.7. Assume that {M,g, K) is AF-RT at the decay rate q G (1/2, 1] 
and m > 0. Let N be a normal graph of ip over Sr{p): 

N = {m{x) = X + il,vg : ^ {Sr{p))] , 

where ^ satisfies ()2.10p in Lemma \2.3[ For R large, N is strictly stable and 
the lowest eigenvalue 

/.o>^ + 0(i?-^-^^). 

Proof. Let Lq = — A| — be the linearized mean curvature operator of 
standard spheres of radius R in Euchdean space. Lq has kernel 



R = span 



1 1 2 2 S S 

X — p X — p x^ — p^ 
R'^ ' R'^ ' i?2 



By Lemma [2.31 and recall that u(x) = n(^(x)) G C^{Sji{p)), for any u £ 



{Lnu){^{x))- ( -A'su-^u 



< cR ^ ^||n*||c2(Si(o))- 



Now, we normalize u to satisfy ll^illLaj-Tv-) = 1, and it implies u = 0{R ^) 
because the area |A^| = AttR'^ + 0(i?^^''). Then by the area formula and 

/ uL]\fud(j = / uLjsfudae + 0{R~'^~'^'^) 

JN JN 

= [ u{LNu)i^ix)),mdae + 0{R-^'^'^) 

JSr{p) 

= [ uLoudae + 0{R-^-'^''). 
J Snip) 

Therefore, the infimum of (j3.20p is achieved by u satisfying u G up to 
lower order terms. We claim that, if u satisfies that u £ ^ and 111411^2(7^) = 1) 
then 

/ uLNuda > -—^ / Ric^^ {fig, fig) da + 0{R-'^^^'^). (3.21) 
Jn 47rit^ 
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Let u satisfy the assumption of the claim. By Lemma 12.3^ 



where 



-Anu= ^u + E'^, (3.22) 



„ ' — odd o 

E'^ = 0{R-^-^), and E'^ =0{R-^-''). (3.23) 



Multiply (|3.22p by u and integrate over A^. Because u is an odd function 
with respect to the center p, 

[ |V^tx|2da = ^ + 0(i?-2-'?). (3.24) 
Jn R 

Then notice that, by ([2Jl|) and (j2J5|) . 

\An\' = ^ + I^^I' = ^ + I (^^ - I) + 0{R-^-^^). 
By the definition of Ln, 

f , AT ,2 2 f 2 / 

uL^uda = \V u\ da — — — I Hn — ^ ] u da 
N Jn R Jn R \ RJ 

- [ Ric^\ng,iJLg)u^ da + 0{R-^-^'i). (3.25) 
Jn 

If we substitute the gradient term in the right-hand side by (j3.24p . it elim- 
inates the second term 2/R?'. However, we do not know the sign of the 
remainders which are still of higher order 0{R~^~'^). Therefore, we have to 
derive a better estimate on the gradient term to cancel out the third term. 
Recall the Bochner-Lichnerowicz identity: 

^AN\V^uf = (HessTvn)^ + (V^n, Anu) + /C(V^n, V^n) 

^(A^ + (V^^x, V^A^^x) + ^(V^^x, V^n), 

where /C is the Gauss curvature of N. After integrating the above inequal- 
ity, the left hand side vanishes because is a compact manifold without 
boundary. Then using (K22\\ and (K23\\ . 

[ \V^u\^da>^ + — I X;|V^n|2da + 0(i2-2-2,). 
Jn R^ 2 Jjv 



Using the Gauss equation, (j2.14p and (|2.15p . 
2 



/C =-{Hl - \A\^) - RiC^'{fig,fig) + -Rg 
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where we use that Rg = 0{R^'^^^'^) by the constraint equations ()1.2p . Hence, 



N Jn 



R? f N \ R J 2 



[ Ric^{fig,fig) — \V''u\^ da + 0(i?-2-2'?). 
Jn 2 



Substituting the above inequality back to p.25p . we have, for any u satisfying 
that u £ ^ and ||n||i2(7v) = li 

uLNuda > [ (hn - 4 I i^N^ul'^ - da 



N JN 



R \2' ' R 



1^ Ric^'if^g, fig) (^1 V^n|2 + ,^2^ da + 0{R-^-^^). 



In particular, we choose Vi, for i = 1,2,3, to satisfy 

3 X* — 




Then, for each z, because 

o ~2 

we get 

3 t,? 



Hence, 



^ ..L^., da > 1^ {h^ - I) - da 

Let ti = Ui. Then, because vf = 3/(47ri?2) + 0{R-'^~'^), 

/ uL^uda = 2_ \ I ViL^Vida + 0{R^'^^'^'') 
Jn ~^ J AT 

Jn 



3 

> 



47ri?2 

We prove the claim. 

To complete the proof, we use the alternative definition of the ADM mass 
(jl.4p and obtain. 



/ Ric^\fig,fig)da = / Ric^\ve,i'e)dae + 0{R 
Jn Jsnip) 



R 

□ 



24 



LAN-HSUAN HUANG 



In order to apply the inverse function theorem, we prove that is in- 
vertible. We show that the lowest eigenvalue of Lat without any constraints 
is negative, and the next eigenvalue is strictly positive. 

Lemma 3.8. Assume that (M, K) is AF-RT at the decay rate q G (1/2, 1] 
and m > 0. Let N be a normal graph of ij) over Sfi{p): 

N = {m{x) =x + il,Vg:^^C^ {Sr{v))] , 

where ip satisfies (j2.10p in Lemma \2.3[ For R large, L]\j is invertihle, and 
L^^ : C°'"(iV) ^ C2."(Ar) satisfies \Ljl\ < cm-^R^. 

Proof. Let r/o be the lowest eigenvalue of L^r without constraints. By Lemma 



% = inf / [I V^n|2 - {\An\^ + Ric^\fig,fig)) u^] da 
{ll«ll^2=i} Jn 

>-^ + OiR-'-'). 

On the other hand, if we replace by a constant, we obtain the reverse 
inequality. Hence, 

V0 = -^ + O{R-'-''). (3.26) 
Let /iQ be the corresponding eigenfunction 

Lat/io = r/o/io- 

We show that /iq is close to a constant and derive an L^-estimate on the 
difference of /iq and its mean value Hq := \N\~^ fj^ Hq da. 

L^iho - ho) = r]o{ho - ho) + (r/o + | ^at^ + Ric^\ng,Hg)) ho- (3.27) 

Multiplying the above identity by {ho — ho) and integrating it over A^: 

/ \V^{ho-ho)?da= I {r^o + \AN? + Ric^\lia,l^g)){ho-ho)^da 
Jn Jn 

+ / {r]o + \AN\'^ + Ric^'^{fJ.g,Hg)){ho -ho)hoda. 
Jn 

Similarly as shown in the previous lemma, because ho — ho has zero mean 
value, the left hand side is bounded below by 



^ |V^(/.o - ho)\' da>^-^ + [R-'-'^)^ 



\ho — /lol^ da. 



Also, pointwisely 

ryo + \An\'' + Ric^"\iig,iig) = 0{R-^-^). (3.28) 

Therefore, 

^/ \ho -ho\^ da < cR~'^~'' [ \ho -ho\'^ da + cR~^~'' [ \ho -ho\\ho\ da. 
R Jn Jn Jn 
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Using the AM-GM inequality to the last integrand: 

\ho-ho\\M < ^R'^lho -hof + cR~'^\ho\^, 
4c 

We obtain, when R large, 

\\ho-ho\\LHN) < cR-''\ho\\N\'^^. (3.29) 

In particular, /iq 7^ 0. Let rji be the next eigenvalue with the corresponding 
eigenfunction hi. We show that rji is positive and, moreover. 

Note that 

= / h()hida= / {ho — ho) {hi — hi) da + / hohida. 
Jn Jn Jn 

Then, by Holder's inequality. 



hi da 

N 



< l^ol """11^0 — ^ollL2(Ar) — ^i||l2(^-). 



Substituting (|3.29|) into the above inequality, we get 

hi < cR-''\N\-^/^\\hi-hi\\L2(N)- (3.30) 
Because L^hi = rjihi, 



{hi — hi)LN{hi — hi) da = / rji{hi — hi)'^ da 
N Jn 

+ / hl{hl-hl){l^l + \AN\'^ + Ric^Hf^g,^^9)) da. 
Jn 

Because rji + I^Arp + Ric^^ {/jg, jjg) = constant + {R~'^~'^), and by Holder's 
inequality, the last integral is bounded above by 

cR-^-''\N\^/^\hi\\\hi-hi\\L2^N). (3.31) 

By Lemma EZl (l330]l . and ^33), 

Moll^i -'^i|li2(^) < {vi + cR~^'^'')\\hi - /ti||i2(^) 

Therefore, 

^1 > /.o + cR-'-'' > 5 + O {R-'-'") ■ 
This finishes the proof. □ 

The family of constant mean curvature surfaces {Si^} constructed in The- 
orem (HTT] satisfies the assumptions of N in the previous two lemmas. They 
imply that, in particular, is strictly stable and Ls^ is invertible. In 
the next theorem, we use the invertibility of L^;^ and the inverse function 
theorem to show that form a smooth foliation. 
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Theorem 3.9. Assume that (M, g, K) is AF-RT at the decay rate q E 
(1/2, 1] and m > 0. Let {S/j} be the family of surfaces with constant mean 
curvature constructed in Theorem \3.1i Then {5^_r} form a smooth foliation 
in the exterior region of M . 

Proof. Let Ti : C^'°'(S/jJ — ;> C°'"(i;/jJ be the mean curvature map so that 
^(n) is the mean curvature of the normal graph of u over 'Sr^. 

Because dT-L = —Lj]^^ is a hnear isomorphism by Lemma 13.81 ^ is a 
diffeomorphism from a neighborhood [/ of G C^'"(S/jj) to a neighborhood 
V of T-L{0) by the inverse function theorem. By our construction of {Sr}, 
for R close to {S/j} are the unique constant mean curvature surfaces in 
a neighborhood of S/j. Moreover, {S^} vary smoothly in R. 

To show that {S/j} form a foliation, we need to prove that Tin and 
have no intersection for any R ^ Ri. First, when R is close to Ri and S/j is 
the graph of u for u £ U, we show that u has a sign; in particular, u cannot 
be zero. In the following, we denote by S. 

By the Taylor theorem, for any u £ U, 

n{u) = n{0) - Lj:u + [ {dn{su)-dn{0))uds, 

Jo 

where 7i{u) and 'H(O) are constants. By integrating the above identity over 

n{0)-n{u) = -^u + Es, (3.32) 

and 

^8 < cR-'^-i\u\ + cR-^\\u*\\c2(^s^m■ 
We decompose u = Hq + uq where /iq is the lowest eigenfunction of Ls and 
[j. houoda = 0. Then 

\u - ho\ < \ho - ho\ + |no|. 

Claim: The right hand side of the above inequality is small comparing to 
ho- Moreover precisely, 

sup \ ho — ho\ < cR^'^ I /iQ I , 
s 

sup |no| < cR^'^\hQ\. 
s 

Assuming the claim, we obtain, by choosing R large enough, 

-r 1 1^ I -r 1 1^ I 

- 2 ro| <u<hQ + - |/io| . 

Because Hq is nonzero by (j3.29p . u has a sign, and the theorem follows. 

Proof of the claim. Recall that /iq — /lo satisfies ()3.27p . On a coordinate 
chart, (j3.27p is a second order elliptic equation. We choose the coordinate 
chart to be a ball of radius on S. Then the number of charts to cover S 
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is independent of R. Using the De Giorgi-Nash-Moser theory [8l Theorem 
8.17] on each chart and summing over the charts, we obtain 



sup I /iQ — ^0 1 
s 



< cR 'Who - /i-o||L2(s) + c\ho\ ||??o + |^s|^ + Ric^'^ (fig, iJ-g)\\^2(^Y:) 

< cR~'^\ho\, (3.33) 

where we use (j3.28p and (j3.29p . To prove the second identity in the claim, 
we need the Holder estimate on ho — ho- By [8] Theorem 8.22] and ()3.33p . 



[ho - ho 



\0,a 



<c(^R "sup|/io - ho\ + \ho\ Wm + l^s]^ + Ric^' {fig, ;ig)\\^2(^Y;)^ 



< cR-'^-'>\ho\. (3.34) 
To estimate sup^^ \uo\, by the definition of uq and ho, 

2 

Lj:Uo =Ly:U — 7]oho = —-fr^u — rjoho + Es + / (dHisu) — d'H{0)u)u ds 

^ Jo 
2 — 2 

=;^(^o - ho) - j^uo + 0{R'^''^\\u*\\c2^Si(o))), 

where we use (j3.32p in the second equality and rjo = —2/R? + 0{R''^~'^) in 
the third equality. Because has no kernel, by pulling back the equation 
to unit spheres and using the Schauder estimates, 

ll'"ollc2."(S'i(0)) < C (||/lo - /loll CO." (51(0)) + I'^ol + -R"''ll^*llc2."(5i(0))) ■ 

(3.35) 

Because ho satisfies L^ho = ijoho and rjo = 0{R^^), using the Schauder 
estimate on ho in the second inequality below, we have 

IK*llc2."(S'i(0)) < c||'Uollc2.«(5i(0)) + c||/lollc2>"(5i(0)) 

< c||'Uo||c2.«(5i(0)) + c||/l5llco>"(5i(0)) 

< c||-Uo||c2.«(5i(o)) + c\\hl - /lo||co."(5i(0)) + c|/io|- 

Therefore, combining the above identities and absorbing the term ci?~''||uQ|| (72,0 (5^(0)) 
to the left of (I3.35j) for R large, we have 



hollc2."(Si(0)) <C {\\ho - /io||co."(5i(0)) + l^ol + R ^|/io|) 
<cR~'^\ho\ + c|uo|, 



(3.36) 



where we use ()3.33p and (I3.34p in the second inequality. It remains to 
estimate |?Io|. Because Jj, houo da = 0, similarly as in (I3.30p . we have 



uo da 



< 2\N\\ho\ sup |/io — /lol sup |?io| 



28 



LAN-HSUAN HUANG 



and then by ()3.33p 



|«o| < 2|/io| sup I /iQ — /iQ I sup I UqI < ci? "^supliiol- 

EE S 

Then |uo| could be absorbed into the left hand side of (|3.36|) for R large. □ 
We prove that in the neighborhood U where the inverse function theorem 
holds, two surfaces in the family of {S/j} have no intersection. Because the 
size of U is independent of R by the uniform bounds of and \L^^\ 

(c.f. [11, Proposition 2.5.6]), we could inductively proceed the argument 
toward infinity of M and conclude that {S/?} form a foliation in the exterior 
region. 

□ 

4. Uniqueness of the Foliation 

In this section, we assume that {M,g,K) is AF-RT with q G (1/2,1] 
and m > 0. is the surface with constant mean curvature constructed in 
Theorem 13. H and S/j is a cgiJ^^^-graph over Sr{C) as in Corollarv l3.5i 

4.1. Local Uniqueness. 

Theorem 4.1. Assume that N has constant mean curvature equal to -ffsij- 
Given any ci > 2cq, there exists ai = cti(ci) so that, for R> ai, if N is a 
ciR^~''-graph over Sr{C), i.e. 

N = {x + uvg:ue C2'°(5ij(C))} 

with 

lk*llc2.-(5i(o)) < ci-R^"'', 

then N = S/j. 

Remark. Notice that we do not impose any condition on {u*)""^ . 

Lemma 4.2. There exists a constant c'l so that N is a c'l-graph over S{C, R) 
and N has constant mean curvature equal to Hj^^^, then N = S^. 

Proof of the lemma. Assume that N is the graph of v over S/j. By using 
the invertibility of Lj^^, we first prove that there is a constant c'^ so that if 
lbllc2.a(Si{) ^ 2c'2, then v = 0. 

By Taylor's theorem, and because N and Y^r have the same mean curva- 
ture, 

Lj^jiV = / (diJEfl(sw) - f^-f^Efl(O)) f ds. 
Jo 

Because \L^^ \ < cm^ -^R^hy Lemma ESI and by (lOl . 

"1 



l^^llc2.-(Efl) 



<cm-^R^ 



{dH^^{sv)-dH^^{{)))vda 







CO,"(Efl) 



<cm ^R^R ||^2,Q(2^) < cm ^ ||t'||c2,c(s^)- 



Foliations by Stable Spheres with Constant Mean Curvature 



29 



This implies c^"*^??! < ||t'||c2.a(Sjj)- Choose any c'j^ < {2c)^^m. Ii\\v\\(j2,a(^j^^-^ < 
2c'i, then v = 0. 

By the construction in Theorem 13.11 and (|3.18p . S/j is a 2~^coR^~^'^- 
graph over S{p, R), and p = C + 0{R^~^'^) by Corollary 13. 4i For i? > cJi = 
ai{g,co, \p — C\,c'i) large, S{C,R) is within c'^-distance of S/j. Also, because 
the normal vectors of S/j and S{C,R) are close for R large, if is a di- 
graph over S(C, R), then A is a 2c'^-graph over S/j. Therefore, by the above 
analysis, A = S^. □ 



Proof of Theorem \4-l\ By the assumption, A^ is the graph of u over Sr{C) 
with ||u* 11(^2,0 < ciR^^'^. Because p = C + 0{R^~'^'^), for R large, we can 
assume that A is the graph of u over Sji{p) with ||ii*||(^2,a < 2ciR^^'^. 
Recall that L5 denotes the linearized mean curvature operator on Snip) 
with respect to g. By Taylor's theorem, 

Hs{u) =Hs{0) -Lsu+ [ (dHsisu) - dHs{0))uds. (4.1) 

Jo 

Also, recall that Lq = — A|, — (2/i?^) and Si = KerLg. Let (p be the function 
defined as in Lemma [3?2| that is, S{p, R) is the graph of 1^ G over Sji{p) 
and 

i 

where f = Hs{0) — {2/R). Then we show that u — i;^ is small. Because A and 
T,R have the same mean curvature, Hs{u) = 2/i? + / by the construction of 
Tin in Theorem 13.11 Therefore, 

Lo(n - (f)) =R-^-'' Yl - + (^0 - ^s)u 

i 

+ [ (dHsisu) -dHs(,0))uds. (4.2) 
Jo 

We decompose u into 

n = n^ + i?-«^S*(x^ -p'), 

i 

where G and, for i = 1,2, 3, 



= / {x'-p')udae. 

'Sr{p) 



4tt 



Notice that we only use \u\ < 2ciR^~'' to guarantee 5* = 0(1), and we do 
not assume any condition on u°'^'^. Applying the Schauder estimates on to 
1.21) , because u-^ — (f) ^ , 

^ - <A)1lc2,.(s,(o)) < ci^-^l + ll«1lc2-(Si(0))) < c(l + 2ci)i?i-2^. 

(4.3) 
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To estimate the part inside the kernel, we first rewrite (14. 2p : 



Ls 



-Lo{u-cl>o) + R-'-'Y^'^'^'-p'^ 



+ (Lo - Ls)u^ + C (dHsisu) - dHsm 
Jo 



u ds. 



(4.4) 



Then we multiply the above identity by B^(x^ —p^) and integrate it over 
Sr{p) with respect to the area measure da. First notice that, by (|3.4p . p.Sp . 
and Lemma |2. 11 for a = 1,2,3, 



/ (x'^ - p")i?-3-9 V A\x^ - p') dae = STTmip" - C") + OiR- 

JSr(p) i 

= OiR^-^"). 



Also, 



/ (x'^ - p''){Lo - Ls)u^ da 
J Snip) 

= [ (x--p-){Lo-Ls){u^-cl>)da+ [ {x''-p''){Lo-Ls)^da. 



Combining (|4.3p and the fact that ||((^*) ||(72,a < cR~^, the above term 
is 0(i?^~^''). For other terms in the right hand side of (|4.4p . they are of 
order 0{R^~^'^) after integrating with ~ P^) as well. Concluding 

the above estimates and using the eigenvalue estimate on jiQ in Lemma 13.71 
(for the operator Lg on Sfi{p)), 



6m 



+ 0{R-^-'')] R-'^WY.B' 



[X -P )\\lHSr{p)) S 



That is, the bound on B^, i = 1,2, 3, is improved: 

\B'\ < cR-'i. 
Therefore, using (|4.3p and (|4.5p . 



u 



|C2.« + 



(4.5) 



< 2c(l + ci)i?^-2g^ 



By choosing R> ai = ai{fiQ, 



* \ odd I 



|C2 



,Q , ci), we have 



<1 
- 2 



Because the normal vectors of 5/j(p) and of S{C,R) are close enough, we 
could arrange to be a c'^^-graph over S{C,R). Then by Lemma 14.21 N = 
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The above theorem says that, among surfaces which are spherical and 
close to the Euclidean sphere centered at C, Tin is the only one with the 
constant mean curvature -ffs^- In particular, we can generalize the above 
results to the spherical constant mean curvature surfaces. 

Corollary 4.3. Assume \p — C\ < c^R^~'^. Given any C4 > 2(co + C3), 
there exists g\ = cri(co, C3, C4) so that, for R > a\, if N has constant mean 
curvature equal to Hy,j^, and if N is a c^R^''^ -graph over Sr{p), then N = 

Proof. Assume that is a C4i?^~''-graph over Sr{p). Because the normal 
vectors on Sr{p) and Sji{C) are close and |p — C| < csR^~'^, N is a (cq + 
C3)-R^ "''-graph over Sii{C) for R large. Then we can apply Theorem 14.11 (by 
letting ci = Co + C3) and derive that = Sr. □ 

4.2. A Priori Estimates. In this subsection, we assume {M,g,K) is AF 
at the decay rate g E (1/2, 1] (note that the RT condition is not assumed). 
For general surfaces A^ in M with constant mean curvature, we would like 
to derive a priori estimates and show that they are spherical under the 
condition that A^ is stable. 

Let A^ be a smooth surface with constant mean curvature H and A^ be 
topologically a sphere. Assume that A^ is stable, i.e. 

/ uLj\[U da > 0, for all u satisfying j^uda = 0. 
Jn 

Let the minimum radius and the maximal radius of A^ be defined by r = 
min{|z| : z £ N} and r = max{|z| : z G A^} respectively. A denotes the 
second fundamental form of A^, and A = A — i^Hqn denotes the trace-free 
part of ^. II g is the outward unit normal vector field on A^, and A and V are 
the Laplacian and the covariant derivative on A^ with respect to the induced 
metric qn- Moreover, we denote Rijki or Riem the Riemannian curvature 
tensor and Ric the Ricci curvature tensor of (M, K) respectively. 

The following Sobolev inequality can be found in, for example, |101 Propo- 
sition 5.4]. 

Sobolev Inequality. For r large, there is a constant Csob so that for any 
Lipschitz functions v on N, 

I v'^da] <Csobl {\Vv\+ H\v\)da (4.6) 
Jn J Jn 

Lemma 4.4. Assume that N is a smooth surface in M with constant mean 
curvature H. Also, assume that N is topologically a sphere and stable. Then 
there is some constant c so that the following estimates hold for r large, 

(1) For any s > 2, / \x\~'' da < cr^~'^ , 
Jn 

(2) 



\A\ 



< cr 2 . 

L2 ~ - ' 
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(3) c-J, < H'\N\ < c. 
Proof. Using the first variation formula as in |10^ Lemma 5.2], for any s > 2, 

x\''da < cr^-'H^\N\. 

N 

Because is topologically a spliere, by the stabihty condition as in |10l 
Proposition 5.3] and the fact that the Ricci curvature is bounded by 
we have 



/ \A\'^ da < cr-m^\N\. 
Jn 



If (3) holds, especially the upper bound, then both (1) and (2) directly 
follow. 

The lower bound in (3) can be derived by letting \v\ = H in the Sobolev 
inequality (j4.6p . Let /C be the Gauss curvature of N. For the upper bound, 
the Gauss equation imply 

^ ""^ ' [2/C + |ip -Rg + 2Ric{ng,Hg) 



da 



N 



N L 



da 



<c + c [ {\Af + \x\-^-'')da 
<c + cr-m'^\N\. 



For r large, the last term is absorbed to the left hand side, and (3) is 
proved. □ 

Assume that the Greek letters range over {1,2}, and the Latin letters 
range over {1, 2, 3}. For any surface N in M, the Simons identity [15] states 

AAo,p =VcNpH + HAiAsp - \A\''A^p + AiR^p.s + A^'R^ape 



+ V;3 (RiCo^k^^^ + (RkapST^^ 



Because H \s a constant, the Simons identity gives an equation on A. We 
show that A is small in the following lemma. 



Lemma 4.5. 

lip 



L2 



+ 



V|i| 



L2 



+ 



iv^l 



L2 



+ 



H\A\ 



L2 



< cr 



Proof. First by the Cauchy-Schwarz inequality iVAp > 

by direct computations and the Codazzi equation (see [12 
or [H p. 237]): 



VIA! 



Then 



Corollary 3.5] 



|VA|2- SJ\A\ 



1 



16 



2 16 



V\A\ --[\u:\' + \VH\') 
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where oo = Ric{-,iJg)^ denotes the projection of Ric{-,fig) onto the tangent 
space of N. Substitute the above inequahty into the following identity: 



V\A\ = A\A\'^ = 2A'"^AAa^ + 2\VA 



(4.7) 



2|y4|A|^| + 2 
Then we have 

|i|A|i| > A^^aA^^ + _L|vi|2 + 1 |v|i||' - ^ + \VH\') . 

Because H is a. constant, we use the Simons identity in the above inequal- 
ity and have 



|i|A|i| yHA^^AiAsp - lAl^A'^fA^^ + A^^AiR,(s,s + A^^A^^Rs^ 



/3e 



+ i"^V;3 ( Ric^ki^" ) + V ( Rkaps^ 



Ial3-rj5 



+ l|Vi|2 + l 



34 



34 



V\A\ 



— I 
17' 



\UJ\ 



(4.8) 



A direct calculation shows that the first two terms on the right hand side is 
HA'^^AiAsp - lAl^A'^'^Aap = -{\A\^ - H^)\A\^ + HA'^^AiAsp. 

The last term is the sum of cubic of the eigenvalues of A, which vanishes be- 
cause A is trace-free and is two-dimensional. Then integrating — |A|A|^| 
over yields 



N 



^|V|i||2 + l|Vi|2 
34' ' " 34' ' 



da 



< 



{\Af - H^)\Af da 



N 



N 



A'^^AiR.p.s + A'"'A'''Rsap, ) da 



al3 ASe - 



N 



A^^Vp [RiCakl^'']+A^PV' [Rkaf^Sl^ 



da + 



N 



16 
17' 



tjP da. 



(4.9) 



The last term in the second line can be bounded by 

c/ f|ip|Riem| + ii'|i||Riem|) da < c \x\-'^~''{\A\^ + H\A\) da. 

Using integration by parts and the Codazzi equation, the first integral in the 
third line can be bounded by c \ui\'^ da. To estimate the first integral in 
the second line of (j4.9p . we use the stability condition. Because A^ is stable, 
for any u with mean value u, by the stability equation for u — u: 

\A\'^u^ da 



N 



< I \Vu\^da+ I \A'\^ {2uu — u^) da — I Ric{^g, iJ,g){u — u)'^ da 
Jn Jn Jn 

< [ \Vu\'^da+ [ (lAl"^ + IhA {2uu-u'^)da + 2 [ \Ric{x)\(^ 
Jn J n \ ^ J Jn 



+ u^) da. 
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Because 2uu — ij} <n^ and \Kic{x)\ < c\x\ ^ we let u = \A\ and rewrite 
the above inequality as follows: 



N 



\A\'^ - -H^]\A\'^da < \V\Afda + 2u \Af da 



N 



N 



+ 2c / 1x1-2-^ + da. 



N 



Multiplying the above inequality by 69/68, and adding it to (j4.9p . 



\A\Ua + 



N 



N 



V\A\ da+ / \VA\'^da + H'^ / \A\'^ da 



N 



N 



<cu [ \Afda + c[ \x\~^~'^ (lAl"^ +lf) da + c [ H\A\ 
Jn Jn ^ Jn 



da 



+ c I \x\ 
In 



-4-2q 



da. 



Because ||^||i2 < cr 2 by Lemma 14.41 (2), by the Holder inequality and 
Lemma 1131 (3), 

:= |iV|-2 \A\da^ <\N\-^ J |ip da < c|Af r < cr-^i/^. 

By the AM-GM inequality and the above identity, 

cu [ \Afda<l[ \A\Ua + cr-m^ [ \A\'^ da. 

For r large enough, these two terms could be absorbed to the left hand side. 
Similarly, we estimate the rest of terms 



N 



2-9 Mi|2, 



Ar + W] da + c / \x 



-4-2q 



da 



N 



< 



Ua + r-^-'^u^\N\+cr-^-^'^, 



and 



c[ H\A\\x\-^~'^ da <-H'^ I \A\'^da + cr- 
Jn 2 



2-2q 



We then derive 



lip 


+ 

L2 


V|i| 


+ 

L2 


|vi| 


+ 

L2 


H\A\ 



L2 



□ 



Remark. In particular, comparing to Lemma \4-4\ (^Jj the Lp' hound of \A\ 
is improved: 



L2 



< cH-^r-^-'i. 



(4.10) 
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4.3. The Position Estimate. In this subsection, we assume that (M, 17, ET) 
is AF at the decay rate q G (1/2,1] (note that the RT condition is not 
assumed). Assume that has constant mean curvature H and that A^ 
is stable. In order to prove that A^ is spherical, we derive the pointwise 
estimate of \A\ by the L^-estimates on l^ll in the previous subsection and 
the Simons identity for |^|. Inspired by [13], we apply the Moser iteration 
to functions satisfying this type of the differential equation below. 



Lemma 4.6. For any functions u > 0, f > 0, and h on N satisfying 

-Au< fu + h, (4.11) 
we have the pointwise control on u as follows: 

snpu < c{\\f\\L2+H + r''){\\u\\L2 +rH-'\\h\\L2). 

N 



Proof. Replacing v by f ^ in the Sobolev inequality (|4.6p and using the Holder 
inequality, we derive a variant of the Sobolev inequality 



N 



V da ] <c 



/ \v\\Vv\da+ / Hv'^da 
Jn Jn 



<c( I v^da 



iVvrda] + 



N 



H'^v^ da 



N 



(4.12) 



Let A; be a positive constant and u = u + k. Then multiplying vP ^ on the 
both sides of (l4TT]) . 



u k 
where f = f + k^^h. Integrating (|4.13p and using 



(4.13) 



A{p - 1) 



{p-l)uP~^\Vu\'^, 



we have, for p > 2, 



N 



V(n2) 



da 



A{p 



— [ -iiP-^Auda <p [ fuPda. 
1) JN Jn 



We let II be -u 2 in (I4.12p and substitute the gradient term by the above 
inequality. Then, 



u 



N 



^Pda] < 



uPda 



N 



p I 

N 



fda] + / H^uPda 



N 
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By the Holder inequality, the last two terms can be bounded by 
'p[ u^fdaX <p^([ n^PdaYf [ pda]\ 



N 



N 



N 



N 



H'^vF da] < H^da 



N 



?Pd(J 



N 



Therefore, using the above inequalities and the AM-GM inequality. 



2 1 



N 



j u^'Pday I u^^da]' +cp[ I uPda][ / P da 



vPda 



N 



N 



da 



N 



N 



Therefore, 



I'^Pda] < 



N 



cp 



N 



f'da] +[ H^da 



N 



iiPda] . 



N 



Then, using LemmaSaKS) to bound H'^\N\^I'^ < cH, we obtain 



N 



u^Pda]^^ <cppp {\\f\\L2+H)^ { I uPda 



N 



Now letting p = 2*, i = 1, 2, 3, . . . , we then have 



u da 



N 



< 



L2 



H 



2EUi(i2-')| 



Let / — )• oo. 



supu <c ( 11/11^2 +H) ||n||i2 

N 



<C 



L2 



k- 



L2 



+ H)(\\u\ 



L2 



where we use 

|iV|V2 < Let k = r\\h\\i2. Then the proof is completed. 

□ 

Corollary 4.7. 

sup |i| < c{r-^-'i + i^- 
Furthermore, if r> H""^ for some fixed a < 1, then 

sup|i| < cH^^\ 



where e = (2 + 0)0 — 2, and e > if < a < 1. 

^ ^ 2 + q 
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Proof. Notice that by ()4.7p and the Cauchy-Schwarz inequahty, 

-|i|A|i| < -i"^Ai„^. 
Using the Simons identity and the estimates in Lemma 14.51 we have 
-|i|A|i| <(|^|2 - H^)\A\^ - A^^AiR,p,s - A^^A^'Rsa^, 

<c (^|i|^ + ^ H\A\\x\-'^-'^ + \A\\x\-^-i'^ 

where we have used that \Rijki\ < c|x|^^^'' and \\/Rijki\ < c|x|^'^~''. Set 

u = \A\, 

/ = c(|i|2 + 1x1-2-'?), 

h = c{H\x\-^-'' + \x\^^-i). 

By Lemma 14.51 

\\uh2 < cH-^r-^-'i, \\f\\L2 < CT_-^-\ \\h\\L2 < cr-^-". 
The corollary follows by Lemma 14.61 □ 

Because M is AF, the estimates on |^| yields the estimates on \A'^\ when 
N is treated as an embedded surfaces in Euclidean space. We prove that N 
is a graph over the sphere S'rg (p) . 

The following lemma is a generalization of [101 Proposition 2.1] where that 
M was assumed strongly asymptotically flat. A similar argument allows us 
to generalize to AF manifolds at the decay rate q> 1/2 and to remove the 
conditions on |VA| and r. We include the proof for completeness. 

Lemma 4.8. Let N satisfy the assumptions as in Theorem\^ Then, there 
exists the center p so that for all z £ N , 

lA^i-ro^l <cF1+^ (4.14) 
z — p 



< cH' (4.15) 



where tq = 2/H , A^j and Veiz) are the principal curvature and the outward 
unit normal vector at z with respect to the Euclidean metric. Moreover, N 
is a graph over Sr^ [p) so that 

N = {z = X + Vgv: X e Sro{p),v G C\Sr,,{p))} 

and \\v*\\ci < cH-^+'. 

Proof By Corohary liTfl sup^ \A\ < cH^^^. Because M is AF and r > H~"', 
for r large, 

sup l^""! < sup \A\ + cr-^-^ < cH^~^^, 

N N 

\H^ -H\< cr-^-'} < cH^+\ 
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We would like to use the bound of these Euclidean quantities to show that 
N is close to some sphere in the Euclidean space. To derive ()4.14p . 



2 



< 



2 



+ 



2 



2 



Let = {1/2)H, and then (f4T4]) follows. To prove (|4.15p . we first derive 
the upper bound on the diameter of which is defined by the intrinsic 
distance on equipped with its induced metric from the Euclidean space. 
Let /C be the Gauss curvature of A^. Using the Gauss equation on N in 
Euclidean space, 



1 



Hence, |/C| > ^H^, for H small. The Bonnet-Myers theorem says that 
diam(A^) < cH~^. Then, let z be the position vector and be the induced 
metric on N from Euclidean space. By the Gauss-Weingarten relation 



diu, = A^^dkz = [ Al 



Then, 



a,; 



1 



-Hz 



1 



^H''{gN)jk ) g^dhz. 



At^ - -{H' - H){gN)jk 



9NdkZ. 



*J 2' 

We integrate the above identity along a geodesic, and derive, for some p, 
\ve - r^^{z-p)\ < csup (\A^\ + \H^ - H\) diam(iV) < cH'. 

To prove that is a graph over Sr^ip), we define v{x) = \z — x\ where 
X £ Sro (p) is the intersection of the ray z — p and Sr^ (p) ■ By (j4.15p , for H 
small, 

1 



P 



< 



In particular, i^g never becomes perpendicular to the radial direction, so 
N = {x + : X S (p)} is well-defined. To obtain the bound on v, 
we have jjz — p| — rg] < cH^^^"^ by (14.15p . and then 

ro\ < cH-^+\ 



\nco 



■■ sup |z — x| < sup \ \z 



■p\ 



Moreover, 

\dv\ = \z-x\''^\{V''{z-x),z-x)\ < \V^{z-p)-V^{x-p)\. 
Using (in^ and that |V^(z^^ - ^)| < we obtain 

\dv\ < cH\ 
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Therefore, we conclude ||?^* HcHSi (o)) ^ cH~^^'^. Moreover, because and 



Ug on are close in C^'", 



N = {x + ugv : V £ C\SrM)} 
for some v satisfying ||ci(Si(o) ^ cH^^~^^. □ 

In order to use the Taylor theorem to the mean curvature map, N should 
be a graph whose C^'"-norm is under control. Therefore, we have to derive 
the pointwise estimate on the C^'"-norm of A. A modified Moser iteration 
which involves the special choice of the cut-off functions is employed. 

Lemma 4.9. For any functions u > 0, f > 0, and h on N satisfying 

- Au< fu + h, (4.16) 

we have the pointwise control on u as follows: 

supn <c{\\fh2 + H + r-^) {\\u\\l2 +r^h\\L2). 

N 

Remark. Comparing this lemma with Lemma 14.61 the term //~^||/i||2,2 = 
(r-i)(riJ-i||/i||i2) is replaced by r||/i||i2 = {r-'^){r^\\h\\L2). The term F-i||/i||i2 
is unfavorable because if this term appeared in Corollary 14. 10( it is bounded 
by ^]2icJi may not be bounded by H^'^'^ for e > 0, when 2/(2+g) < 

a < 1. 

Proof. Let A; be a positive constant. As in the proof of Lemma [4. 6 ^ we define 
u = u + k and f = f + k~^h. Let x be a cut-off function on N. The same 
calculations in Lemma 14.61 give 

/ V{xu^)^da<p[ x^fuPda+ [ \Vx\'^uPda. 
Jn Jn Jn 

By KT2\i and letting v = xu^^'^, 



X^u^^da] <ciH + sup\Vx\) / uP da 

N J N JSUpp(x) 



+ c(^I^X^nPda^ ' [p I x^fu^da^ ' 



Using the AM-GM inequality to the second line and absorbing the term 
X^it^^ to the left, we obtain 



1 



Y x'^i'^d^V <cp[||/||i2+i/ + sup|Vxll / u^da. 
\Jn / L n \ Jsupp(x) 

Let Pi = 2*, i = 1, 2, 3, . . . . Fix zq; the cut-off functions supported on A^ is 
defined by, for z € A^, 

1 if z G 5(i+2-»)r(^o) 
if z outside -B(i+2-*+i)r(-^o) ' 
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and iVxil < 2V~\ Then 



u da 



(l + 2-')r 



(^o) 



i2- 



eU2- 



EUi2-' 
L2 



FllL2(B2r(^o))- 



Let / —7- oo, 



sup ii <c{\\f\\L2 + H + r ^)\\u\\L^B2r{zo))- 

Br{zo) 



Let k = r\\h\\]^2. Then 

sup u < c(||/||i2 + H + rr'^){\\u\\L2 +r\\h\\L2 \B2r{zo] 

Br{zo) 



|l/2x 



By the area formula, because g is AF, and is a graph of v over Sr^^p) 
satisfying \dv\ < cH^ by Lemma |4.8|, 



|-B2r:(^;o)| 



/ da< f {l + cH')da, 

J B2r {zq) J Borizn) 



< 2 



B2r{zo) 

dap < cr^. 



B2r{zo) 



□ 



Corollary 4.10. Assume that N satisfies the assumptions in Theorem\^ 
Then 

sup|Vi| < cr"i"'2(r"i + H). 
N 

Moreover, if r> H~'^ for some fixed a < 1, then 

sup|Vi| < cH^+', 

N 

where e = {2 + q)a - 2 > 0, if ^ < a <1 . 
Proof. Let T^ai3 = V^^q,/3. 

2|T|A|r| +2|v|r|p = A|Tp = 2r'^°''Ar^„^ + 2|vr|2. 

Because |VTp > |V|T||^ by the Cauchy-Schwarz inequality, 

-|r|A|r| < -T'^'^AT^o^f}. 

Changing the order of differentiation in the Laplacian term. 
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By the Simons identity, 
Then, 

V7i"/3^ V^Ai^^ > -|ip|vip 

- c (^i/|Vi| Vl + |Vi|2|Riem| + | vi| |i| |VRiem| 
+|Vi|if||VRiem| + |vi||V^Riem| + |vip|VRiem| 

Using |Riem| < c|x|~^~'^, |VRiem| < clxj"^""^, |V^Riem| < c|x|~^~'', and 
combining the above estimates, 

- |vi|A|vi| < -V^i^^A (VjAap^ 

< c (|ip|vip + H^\VA\^ + H\A\\VA\'^ + |vi| Vl"^"'' + ivil^lxj-^-^ 
By Lemma 14.91 we set u = |V^| and 

/ = c(|i|2 +H^+ H\A\ + 1x1-2-9 + 1x1-3-5), 

h = c{\A\\x\-^-'i + H\x\-^-'i + \x\-^-'^). 

By Lemma l4.4l and Lemma l4.51 ||ii||L2 < cr~^~'^, \\f\\L2 < c{r~^~'^ + H), and 
||/i||L2 < cr~^~'^. Then the proof follows directly from Lemma 14.91 

□ 

Similarly, we can derive that, if r > H~°^, then the Holder norm | V^| < 

cij2+"+^, where e = (2 + g)a - 2 and e > if 2/(2 + g) < a < 1. Using the 
same argument in Lemma 14.81 we prove the following: 

Corollary 4.11. Assume that N satisfies the assumptions in Theorem\^ 
If r > cH~^ for some 2/(2 + q) < a < 1. Then N is a graph defined by 
N = {x + UgV : X G Sroip)} with 

Ib*llc2.-(5i(0)) < cH-^+' < cr^-^ 
where e = (2 + q)a — 2 > 0. 
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4.4. Global Uniqueness. 

Proof of Theorem . Assume that A'^ has mean curvature equal to H = 
H-£^ for some R. By Corohary 14.31 ^6 only need to prove that A is a graph 
of V over Sr{p) where |p — C| < c^R^~'^ and ||t;*||c72,a < C4R^~'^ for some C3 
and C4. 

By Corollary 14. IH A is a graph over Sr^ip) and H = 2/ro. The idea of 
the proof is to show that the center p does not drift away too much as H 
goes to zero. More precisely, we show that |p — C| < crg^*^ for some e' > 0. 
Hence, rg and r are comparable; consequently, H and r are comparable. 

By the Taylor theorem, because A^ is the graph of v over Sr^ip), 

H = Hs- Lsv+ [ {dH{sv) - dH{0)) v ds. 
Jo 

Recall that Ls = -As - + Ric^' {yg.Vg)), Lq = -A| - and 

^ = KerLo- Also recall that (f) in Lemma 13.21 and (p satisfies 

i 

where / = Hs — 2/ro. Therefore, 

Loiv - ct>) =^0 (Lo - Ls)v 

i 

+ [ {dH{sv)-dH{0))vds. (4.17) 
Jo 

We decompose v = + r^'^v^, where v^^ = J2i B^{x^ — p^) ^ ^ and 

B^ = ^ / {x' -p')vdae = 0{l). 

4vr Js„Ap) 



Because v"*" — </> G , we apply the Schauder estimate to (I4.17|) . 

\\v^-ct>\\c-.<c{rl'^^+rl~'^). 

Without loss of generality, we assume e < q/2. The right hand side of the 
above identity is dominated by crg"^*^. Consider {v^ — (j))"'^: 

Loiiv^ - 0)°"") = 2r^''-''YA\x'-p') + (Lq - Ls){v^r'"' 

i 

- 2Ls{r^'u^) + {Ls - L^Y'^'v 



{dH{sv) - dH{0)) ds 



odd 



V + 



{dH{sv) - dH{0)) v"'^'^ ds. (4.18) 

Jo 
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Then by the Schauder estimate, and using Lemma 12.21 and Lemma [2.3l to 
estimate the last three terms, 

+ro-i-''||t;*||c2,. +r-i||((r;^)*)°'^'^|b2,.|b|b2..) . 
Bootstrapping the term ||((u-'-)*)'"^'^||(72,a yields 

Integrating the both sides of (j4.18p with x"" — p"" on Sr^ (p) with respect to 
the area measure da. Because da = (1 + 0{rf^^))dae, 

[ (x-^ - p^Loiiv^ - <Pr'') da = 0{rl-"^-'). 

By the definition of j4* and Lemma |2.H 

[ (x" - p")r(^^"' V A'{x' - p') da = 8Trm{p^ - C) + ©(ro"^"). 

Also, by Lemma [3771 (there, the equality that /^o = Ovrm/rQ + 0(r(^^~^'^) is 
achieved by the coordinate functions — p^), 

rr 1 {x^ - pILs B\x^ - p^) da = r^^^^B<^rt + 0{rl-^'^-'). 
The rest terms are of order 0{rQ~^'^~''). Therefore, we have 

Recall that e = (2 + q)a — 2. By the assumption that a > (5 — q)/2{2 + q), 
we have e' := q + 2e — I > 0. Then < cr^''^ , so the center p may drift 
away but at a controlled rate. Let zq be a point so that r = \zq\, 

L = kol ^ 1-20 — p\ — \p\ ^fQ — cH~^^^ — crl~^ . 

For ro large, r > cvq. Therefore, we can replace the assumption r > 
by r > cvq > cH^^ in Corollary 14.111 Therefore, is a cr^ ''-graph over 
Sroip) and |p — C| < cvq . Although H may not be exactly equal to Hs^q, 
we can choose R so that H = Hs^^ with R = ro + O^Vq'^). Then we can 
apply the local uniqueness result of Corollary 14.31 by viewing A^ as a graph 
over Sr{p) and conclude A^ = S/j. □ 

To prove a result of the uniqueness outside a fixed compact set, we replace 
the condition on r by the condition that r and r satisfy r < C2r° for any 
(5-^)/2(2 + g) < a < 1. 
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Proof of Theorem 0. If lies completely outside Bjj~a (0) for some a satis- 
fying (5 - q)/2{2 + g) < a < 1, by Theorem [21 N = S/j. We assume that 
N / TsR. Therefore N n BH-a{0) / (p for any (5 - q)/2{2 + q) < a < 1. 
Then r < R-" < 3i2" if R large enough because H = {2/R) + 0[R-^-i). 
On the other hand, for any z G N, 



= < H%z) <2H <-+ cR-^-'i. 
r R 



For R large, 



2 6^ 



and then R/'i < r. Therefore, 



1 / N 1 1 , 1 R 

(3)a-l (3)a-l 3 

Choosing any C2 < we obtain C2ra < r which contradicts to the as- 
sumption. Therefore, N = S/j. □ 
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